Abstract. Let X be a normal projective variety admitting a polarized or int-amplified endomorphism f . First, we list up characteristic properties of such an endomorphism.
Introduction
In this note, we report our recent results in studying non-isomorphic endomorphisms, especially polarized endomorphisms and int-amplified endomorphisms of higher dimensional algebraic varieties in arbitrary characteristics. The main focus is in seting up the equivariant minimal model program (MMP) for such endomorphisms. We will outline the ideas but refer to the original papers for the detailed proofs. Our approach is more geometric. We refer the reader to the survey paper [35] with more number theoretic flavours and including many outstanding conjectures.
We work over an algebraically closed field k of arbitrary characteristic. We will mention the extra requirement on k in each section or statement when needed.
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for all Cartier divisors L i (cf. [22, Definition 2.2] ). When X is normal, we also call N n−1 (X) the space of weakly numerically equivalent classes of Weil R-divisors. In this case, N 1 (X) can be regarded as a subspace of N n−1 (X) (cf. [34, Lemma 3.2] ). We recall the following cones:
• Amp(X) is the cone of ample classes in N 1 (X).
• Nef(X) is the cone of nef classes in N 1 (X).
• PEC(X) is the cone of pseudo-effective R-Cartier divisor classes in N 1 (X).
• PE(X) is the cone of pseudo-effective Weil divisor classes in N n−1 (X).
We refer to [22, §2] for more information.
Definition 2.1. Let X be a projective variety.
(1) Denote by
the monoid of all surjective endomorphisms of X.
In the following, let f ∈ SEnd(X).
(2) f is numerically polarized if f * L ≡ qL for some ample Cartier divisor L and integer q > 1.
(3) f is numerically weakly polarized if f * L ≡ qL for some big Cartier divisor L and integer q > 1.
(4) f is polarized if f * L ∼ qL for some ample Cartier divisor L and integer q > 1.
Cartier divisor L and some ample Cartier divisor H.
The following gives a norm criterion of numerically polarized endomorphisms. 
for a convex cone C ⊆ V such that C spans V and its closure C contains no line. Let q be a positive number. Then the conditions (i) and (ii) below are equivalent.
(i) ϕ(u) = qu for some u ∈ C • (the interior part of C).
(ii) There exists a constant N > 0, such that
Assume further the equivalent conditions (i) and (ii). Then the following are true.
(1) ϕ is a diagonalizable linear map with all eigenvalues of modulus q.
(2) Suppose q > 1. Then, for any v ∈ V such that ϕ(v) − v ∈ C, we have v ∈ C.
Applying the above criterion to the cones Nef(X) and PEC(X), we now can say the equivalence of "numerically weakly polarized" and "numerically polarized"; see [22, Proposition 3.6] . In the case of characteristic 0, "numerically polarized" is equivalent to "polarized" by [26, Lemma 2.3] . In the case of arbitrary characteristic, they are also equivalent if we further require the endomorphism is separable and the variety is normal; see [9, Theorem 5.1] . Together, we have the following result. Theorem 2.3. Let f : X → X be a numerically weakly polarized separable endomorphism of a normal projective variety over the field k of arbitrary characteristic. Then f is polarized.
The following gives useful criteria of int-amplified endomorphisms. (1) The endomorphism f is int-amplified.
(2) All the eigenvalues of
are of modulus greater than 1.
(3) There exists some big R-Cartier divisor B such that f * B − B is big.
Considering the action f * | N n−1 (X) and the cone PE(X), we have similar criteria as follows. (1) The endomorphism f is int-amplified.
(3) There exists some big Weil R-divisor B such that f * B −B is a big Weil R-divisor.
By the above criteria, we may easily claim that the property of "numerically polarized"
and "int-amplified" are preserved via every equivariant descending. 
Suppose f is numerically polarized (resp. int-amplified, separable). Then g is numerically polarized (resp. int-amplified, separable).
Singularities
We first introduce the ramification divisor formula for a separable finite surjective morphism. 
holds around the generic point of P ′ and b > r − 1 holds exactly when p | r. In particular,
we have the ramification divisor formula:
where
We refer to [20, Chapters 2 and 5] for the definitions and the properties of log canonical (lc), Kawamata log terminal (klt), canonical and terminal singularities. Let f : X → X be a separable surjective endomorphism of a normal projective variety X. In the case of characteristic 0, one can apply [20, Proposition 5.20 ] to control the singularities of X.
Wahl [31, Theorem 2.8] showed that X has at worst lc singularities when dim(X) = 2. In characteristic 0, we may weaken the condition to the int-amplified case. In the case of positive characteristic, with additional assumptions and some extra work, we can deal with the surface case, extending [31] to positive characterisitics.
Let X be a normal algebraic surface over the field k of characteristic p > 0. Let f : X → X be a non-isomorphic surjective endomorphism of X with the degree deg f Gal of its Galois closure co-prime to p. Then X is lc.
Anti-canonical divisor and Kodaira dimension
Let f : X → X be a separable surjective endomorphism of a normal projective variety Let X be a normal projective variety admitting an int-amplified separable endomorphism. Then −K X is weakly numerically equivalent to some effective Weil Q-divisor. If X is further assumed to be Q-Gorenstein, then −K X is numerically equivalent to some effective Q-Cartier divisor.
Let f : X → X be an amplified endomorphism of a projective variety X. Then 
Equivariant MMP relative to f
This section generalises and extends results in [33] to higher dimensions.
be a finite sequence of dominant rational maps of projective varieties. Let f : X 1 → X 1 be a surjective endomorphism. We say the sequence ( * ) is f -equivariant if the following diagram commutes
where f 1 = f and all f i are surjective endomorphisms. Let G be a subset of SEnd(X).
We say the sequence ( * ) is G-equivariant if ( * ) is g-equivariant for any g ∈ G.
Following the proof of [ 
for all i ≥ 0. Assume further either one of the following conditions.
(1) A is a prime divisor of X.
(2) p and deg f are co-prime.
is a finite set. We refer to [20] , [3] , [15] , [4] , [17] and [30] for things about MMP. In the case of characteristic 0, the existence of a polarized or int-amplified endomorphism on a variety exerts strong constraints on the geometry of the variety. Recall that a normal projective variety X is said to be Q-abelian if there is a finite surjective morphism π : A → Xétale in codimension 1 with A being an abelian variety. (1) If K X is pseudo-effective, then X = Y and it is Q-abelian.
(2) If K X is not pseudo-effective, then for each i, X i → Y is equi-dimensional holomorphic with every fibre irreducible (and rationally connected if k is further uncountable) and f i is int-amplified. The X r−1 → X r = Y is a Fano contraction.
is a scalar multiplication:
if and only if so is f * r | N 1 (Y ) .
Definition 5.6. Let X be a normal projective variety.
(
(2)q(X) := q(X) withX a smooth projective model of X.
(4) π alg 1 (X reg ) is the algebraic fundamental group of the smooth locus X reg of X.
The following result is an application of Theorem 5.5. Note that when f : X → X is a polarized endomorphism of a projective variety X, the action f * | N 1 (X) is always diagonalizable over C and all the eigenvalues are of the same modulus (cf. (1) There exists a finite sequence of MMP which ends up with a point.
(2) There exists some s > 0, such that (f s ) * | N 1 (X) is diagonalizable over Q with all the eigenvalues being positive integers greater than 1.
Example 5.8. (Fakhruddin) Let E be an elliptic curve admitting a complex multiplication. Let
Then dim(N 1 (S)) = 4. Let σ : S → S be an automorphism given as:
Then σ * | N 1 (S) is not diagonalizable over C. Let m S be the multiplication endomorpphism of S. Note that Let X be a projective variety and let C be a curve. Denote by
the ray generated by [C] in NE(X). Denote by Σ C the union of curves whose classes are in R C .
Definition 6.2. Let X be a projective variety. Let C be a curve such that R C is an extremal ray in NE(X). We say C or R C is contractible if there is a surjective morphism π : X → Y to a projective variety Y such that the following hold.
( A submonoid G of a monoid Γ is said to be of finite-index in Γ if there is a chain (1) X has only finitely many (not necessarily K X -negative) contractible extremal rays in the sense of Definition 6.2.
(2) Suppose X is Q-factorial normal. Then any finite sequence of MMP starting from X is G-equivariant for some finite-index submonoid G of SEnd(X).
In the rest of this section, we work over the field k of characteristic 0. 
(1) There is a finite quasi-étale Galois cover A → Y from an abelian variety A such that G Y := G r lifts to a submonoid G A of SEnd(A).
(2) If g in G is amplified and its descending g i on X i is int-amplified for some i, then g is int-amplified. The X r−1 → X r = Y is a Fano contraction.
(3) For any subset H ⊆ G and its descending
H acts via pullback on NS Q (X) or NS C (X) as commutative diagonal matrices with respect to a suitable basis if and only if so does H Y .
Let Pol(X) be the set of all polarized endomorphisms on X, and let IAmp(X) be the set of all int-amplified endomorphisms on X. In general, they are not semigroups, i.e., they may not be closed under composition; see [21, Example 10.4] . When X is rationally connected and smooth, Theorem 6.5 below gives the assertion that if g and h are in Pol(X) (resp. IAmp(X)) then g M • h M remains in Pol(X) (resp. IAmp(X)) for some M > 0 depending only on X. In particular, it answers affirmatively [32, Question 4.15], "up to finite-index", when X is rationally connected and smooth. By [24, Example 1.7] , this extra "up to finite-index" assumption is necessary. For a subset S of a semigroup H and an integer M ≥ 1, denote by (1) The Y in Theorem 6.4 is a point.
is a commutative diagonal monoid with respect to a suitable Q-basis
relative to B, is equal to
with integers q i ≥ 1.
is a subsemigroup of G, and consists exactly of those g in G such that
for some integer q ≥ 2. Further,
(4) G ∩ IAmp(X) is a subsemigroup of G, and consists exactly of those g in G such
with integers q i ≥ 2. Further,
any h in SEnd(X) has
(5) We have h M ∈ G and that h * | NS C (X) is diagonalizable for every h ∈ SEnd(X).
Let Aut(X) be the group of all automorphisms of X, and Aut 0 (X) its neutral connected component. By applying Theorem 6.5, we have the following result. (1) Aut(X)/ Aut 0 (X) is a finite group. More precisely, Aut(X) is a linear algebraic group (with only finitely many connected components).
(2) Every amplified endomorphism of X is int-amplified.
(3) X has no automorphism of positive entropy (nor amplified automorphism).
Even when X has Picard number one, the following question is still open when n ≥ 4.
Question 6.7. Let X be a rationally connected smooth projective variety of dimension n ≥ 1 which admits a polarized endomorphism. Is X (close to be) a toric variety?
Characterizations of toric varieties
Throughout this section, we always work over the field k of characteristic 0.
A normal projective variety X is said to be toric or a toric variety if X contains an algebraic torus T = (k * ) n as an (affine) open dense subset such that the natural multiplication action of T on itself extends to an action on the whole variety X. In this case, let
which is a divisor; the pair (X, D) is said to be a toric pair.
Let G be a linear algebraic group acting on a normal projective variety X. We say X is G-almost homogeneous if there exists an open dense G-orbit in X. Note that X is toric if and only if X is T -almost homogeneous for some algebraic torus T . The following result gives a sufficient condition, in terms of a polarized endomorphism, for an almost homogeneous variety to be toric. Assume further the following conditions.
(i) Let U be the open dense G-orbit in X and D the codimension-1 part of X \ U.
(ii) The endomorphism f is G-equivariant in the sense: there is a surjective homo-
Then (X, D) is a toric pair.
Let (X, ∆) be a log pair. The complexity c = c(X, ∆) of (X, ∆) is defined as (ii) there is a polarized endomorphism f : X → X such that D is f −1 -invariant and f | X\D is quasi-étale;
(iii) the algebraic fundamental group π alg 1 (X reg ) of the smooth locus X reg of X is trivial (this holds when X is smooth and rationally connected); and (iv) the irregularity q(X) := h 1 (X, O X ) is zero (this holds when X is rationally connected).
Then the complexity c(X, D) is non-positive.
An immediate corollary is the following. The following well known conjecture is still open (see also Question 6.7). It has been affirmatively solved in dimension ≤ 3. We refer to [1] , [2] , [10] , [18] , [19] , [26] and [28] for details.
Conjecture 7.5. Let X be a Fano manifold of Picard number one different from the projective space. Then a surjective endomorphism X → X must be bijective.
